This study is motivated by the need to develop a semi analytical model for predicting the two-fluid flow with a curved interface in a rectangular stratified microchannel under the combined effect of pressure driven and electroosmotic effect.
Introduction
Microfluidic and Lab-on-a-chip devices have focused increasing interest over the last decade due to the advantages of increased efficiency, throughput, portability, and reduced analysis time, reagent consumption, and cost. Comparing with a number of techniques (e.g., pressure, centrifuge, and thermal gradient driven flow), electroosmosis has been used to induce electroosmotic flow because electroosmosis does not involve any moving mechanical parts and generates the plug-like velocity profile [1] [2] [3] . Two-fluid flow in microchannel is used as micro-pump [4] [5] [6] , switching technique [7] [8] [9] , mixing [10] [11] [12] and so on. Models of stratified flow are needed for predicting the flow characteristics, such as pressure drop and in-situ liquid fraction, and are often used as a starting point in modeling flow patterns transitions. The interface shape is one of crucial factor on flow pressure drop and in-situ liquid fraction.
The common assumption is that the interface separating the phases is planar [8, [13] [14] [15] . Under this assumption, Lee et al. [16] applied flow focusing to develop various valveless micro flow switches; Gao et al. [14, 17] derived the analytical solution of the velocity profile and flowrate of two-liquid flow in microchannels which was driven both by electroosmotic force and pressure gradient; Wang et al [8] controlled the interface using the electroosmotic effect. In our previous work [15, 18] , a three-fluid flow in microchannels under the combined effect of pressure driven and electroosmotic effect were presented, planar interfaces are assumed.
The effect of interface curvature has been studied in macro or mini channels by lots of researchers. Bentwich [19] investigated the two-phase flow with interface defined by a circular arc or an eccentric circle using analytical method; the interfacial tension, capillary force and gravity are included in this model. Ong et al [20] solved the characteristics of straight liquid-liquid flow with curved interface using numerical method. Brauner et al [21] analytically solved the two-phase flow characteristics in stratified two-phase flow for curved interface with the interface curvature as a prescribed parameter. Brauner et al [22] [23] provided a predictive tool for determining the characteristic interface curvature in two phase systems; the steady interfacial curvature is shown to correspond to the interface configuration for which the total system energy is at its minimum; the papers assumed that the interface is an approximate circular arc.
Gorelik et al [24] obtained the exact analytical solution of the interface shape and capillary pressure between the two immiscible fluids. By solving the Young-Laplace equation, Ng et al [25] presented different exact interface shapes for various Bond numbers, contact angles and liquid fractions; the results show that for small Bond numbers, surface tension is dominant and the interface approaches a circular arc shape.
Using the boundary element method Ng et al [26] analyzed the volumetric flow rates, the wall shear stresses and the velocity profiles of the interface using actual interface shape.
The review shows that most previous works focused on macro or mini channels. In comparison with macro/mini channels, the effect of interface curvature in microchannel is very significant but little work has been reported in this area.
For flow in microchannels, the gravity effect is low [27] while the surface tension is strong which causing the Bond number approaches to zero. The results of [22] [23] [24] [25] showed that the interface is a circular arc with constant curvature in microchannels.
The aim of the work is to present a precise calculation method for two-fluid laminarlaminar stratified flow under the combined effect of pressure driven and electroosmotic effect where the interfaces shape is a circular arc with a constant curvature. Fig.1 shows the general configuration of the fluids in microchannels with curved interface. The fluid with high electrical mobility is labeled fluid 1, while the fluid with low electrical mobility is labeled fluid 2. The flows are assumed to be at a steady state, fully developed, and therefore unidirectional.
Mathematical model

The description of the model
In microchannel, the effect of gravity is ignored and the location of the interface is determined by the fluids/wall wettability angle and the fluids liquid fraction only. It is assumed that the curvature along the interface is constant in microchannels [22] [23] [24] [25] .
In order to analyze the system shown in Fig.1 , a Cartesian coordinate system ( x , y , z ) is used where the origin point, O, is set to be at the centre of the interface curvature.
Curved interface with constant curvature is assumed. h 1 , h 2 , and h s are defined in Fig. 2; the relationship between them is h 1 + h 2 + h s = h where h s is the height of the curved interface measured from the origin and h is the height of the microchannel. The width of the channel is denoted by 2w. The contact angle c θ is the angle at which the fluid 1 meets the wall. As a result of surface charges, electric double layers (EDLs) form next to the liquid-liquid interface and the channel walls that are in contact with the high electrical mobility fluid. For a more general situation, the walls of the microchannel may be made of different materials, so that the zeta potentials at the bottom wall is denoted as 1 ξ , and at the side walls as 2 ξ , 4 ξ , respectively. The zeta potentials at the curved interface is 3 ξ .
The flows are along the z direction.
The two fluids are driven by the combined pressure and electroosmotic body forces.
When the two-fluid flow is fully developed, the velocities of the two liquids, . There are two restrictive conditions as shown in Fig. 3 : one is that the interface contact with the bottom wall ( Fig. 3(a) ) and the other is that the interface contact with the top wall ( Fig.   3(b) ). In our study, the interface is located between Fig. 3(a) and Fig. 3(b) .
In order to derive expediently, the following derivation of analytical model is completed in polar coordinate. Two parameters are defined as follows 
where r and θ are the radius and angle in the polar coordinate. In the derivation, r and θ are used to replace x and y. x and y are the dimensionless position of arbitrary point in x-axis and y-axis, respectively.
Electric potential distributions
The electric potential in the high electrical mobility fluid 1 is first considered.
Assuming that the electric charge density is not affected by the external electric field due to the thin EDLs and the small fluid velocity, the charge convection can be ignored and the electric field and fluid flow equations are decoupled [28] [29] . Based on the assumption of local thermodynamic equilibrium, for a small zeta potential, the electric potentials ψ due to the charged wall are described by the linear Poisson-Boltzmann equation which can be written in terms of dimensionless variables as 2 2 
In cylindrical coordinates, Eq. (4) is specified as
Eq. (6) 
The boundary condition of zeta potential can be defined as ( )
where the subscribe of i is the serial number of the boundary condition. Using the description of Eq. The steady state Navier-Stokes equation with pressure driven can be described as 2 1 Re (fluid 1) p dp u dz ∇ = (11) and 2 2 Re (fluid 2) p dp u dz
where β is the dynamic viscosity ratio ρ μ = , dp dz is pressure gradient along flow direction. In polar coordinates, Eq.
(11) is specified as
In order to convert Eq. (13) to a Laplace equation, the following transformation is used
Re 4 p p dp r u u dz
Substituting Eq. (14) into Eq. (13), it transforms into
Eq. (15) 
According Eq. (14) ( )
The non-slip boundary conditions can be used as ( ) 
The parameters of a 10 , a 1j and b 1j are constants for specified boundary conditions.
Using the following method, the hydrodynamic velocity of fluid 2 is
The non-slip boundary conditions can be expressed as ( ) The matching conditions at the interface can be described as
According Eqs. (18), (20) and the non-slip boundary conditions can be described using the following equations ( ) 
The matching conditions of Eq. (21) can be described using the following equation 
where ( ) (22) can be calculated using the least square method in Appendix A and Appendix C, and then the velocity profile due to pressure gradient can be described using Eqs. (17) and (19) .
Velocity driven by electroosmotic force (
The steady state Navier-Stokes equation under external electric field can be described as
where q ρ is the bulk density of charge, E is the external electric field. The Poisson's
Combining Eqs. (26) and (27) , the Navier-Stokes equation transforms into
The dimensionless form of Eq. (28) is 2 2 1 1 Re
where
Eq. (29) can be rewritten as 2 1 Re 0
A new velocity is defined as 
In polar coordinates, Eq. (32) is specified as
The solution of Eq. (33) can be described using the following equation
From Eq. (31), the distribution of electroosmotic velocity is ( )
The non-slip boundary conditions can be expressed as ( )
Re cos sin ,
Using similar method, the electroosmotic velocity of fluid 2 is
The non-slip boundary conditions can be defined as ( )
cos sin 0
The matching conditions at the interface can be described as
where M is the electrokinetic effect in the matching conditions, 
The matching conditions of Eq. (39) can be described as 
where and Appendix D, and the velocity profile driven by electroosmotic force can be described using Eqs. (42) and (43).
Volume flow rates
The dimensionless volumetric flowrates through the rectangular-cross-section channel can be defined as ( )
The dimensionless flowrates are given as ( ) 
Convergence and comparison with previous results
Before The results indicate that the interface shape influences the electric potential distribution of the two-fluid flow in the rectangular microchannel. Before the semianalytical approach is employed on rectangular microchannels with curved interfaces, the proposed approach is compared with the analytical solution of the plane interface proposed by Gao et al [14] . Fig. 7 shows the comparison between analytical solution [14] and the semi-analytical solution for the two-fluid electroosmotic flow in rectangular microchannels. It is clearly shown that the solutions are identical.
Results and discussion
Electric potential
When two interfaces (wall and liquid interface) are sufficiently close to each other, the electrical double layers will interact with each other [30] . The effects of the EDL interaction are important to the electrokinetics flows within the microchannel. To investigate the effects of interface shape on the electric potential and velocity distributions, we fix the liquid faction of the two-fluid. The liquid fractions of fluid 1 and fluid 2 are defined as follows: respectively. The potential and velocity distributions in these sections will be investigated. 
Velocity distributions and flow rates
From Eq. (10), the velocity u of two-fluid can be decomposed into two parts, ), electric field E x = 1000, pressure gradient 50000 dp dz = , and viscosities Comparison of the velocity profiles at different cross sections a-a and c-c illustrate that at cross section a-a, the pressure driven velocity 
Appendix A
In the following appendix, the least square method for numerical calculate can be introduced.
Eqs. (9), (22), and (40) can be described using matrix form as follows
In Eq. (50), M is the matrix for coefficients, B is the matrix for unknown parameters, Z is the matrix for boundaries. The parameter of B can be calculated numerically using the least-squares method that minimizes of 
Appendix B
In the following appendix, the details of M, B, and Z for Eqs. (9) are shown: 
where N is the total number of the boundary conditions and J is the highest order of the Bessel functions chosen in this paper.
Appendix C
In the following appendix, the details of M, B, and Z for Eqs. (22) are shown: 
,0,0 cos , sin , 0, 0 
, 1, cos 
where N 1 is the total number of the boundary condition for fluid 1, N 2 is the total number of the boundary condition for fluid 2, N 3 is the total number of the matching condition at the interface, and J is the highest order of the Bessel functions chosen in this paper. 
,0,0 cos , sin , 0, 0 , E x = 1000, 0 dp dz = , , E x = 1000, 50000 dp dz = , 1 2 1 μ μ = = )
